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Abstract
The hyperfine splitting of the ground state of selected B-like ions within the range of nuclear
charge numbers Z = 49–83 is investigated in detail. The rigorous QED approach together with the
large-scale configuration-interaction Dirac-Fock-Sturm method are employed for the evaluation of
the interelectronic-interaction contributions of first and higher orders in 1/Z. The screened QED
corrections are evaluated to all orders in αZ by using an effective potential. The influence of
nuclear magnetization distribution is taken into account within the single-particle nuclear model.
PACS numbers: 32.10.Fn, 31.15.aj, 31.30.J-
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I. INTRODUCTION
Investigations of the hyperfine splitting (hfs) in highly charged ions provide an access
to the bound-state QED effects in the presence of strong electric and magnetic nuclear
field. Several experiments were performed with hydrogenlike ions [1–5] accompanied by
the progress in theory [6–13]. However, the QED contribution appears to be obscured by
the Bohr-Weisskopf (nuclear magnetization distribution) effect. In order to overcome this
problem, it was proposed to consider a specific difference of the hfs values in hydrogenlike
and lithiumlike ions with the same nucleus [14]. Further theoretical investigations of the hfs
in highly charged ions continued the last two decades [15–27]. On top of that, the rigorous
evaluation of the two-electron QED diagrams — screened self-energy, screened vacuum-
polarization and two-photon exchange — provided the most accurate up-to-date value of
the specific difference for Li-like and H-like bismuth 209Bi [28–31]. Following a few less
successful attempts, recent experimental efforts at GSI finally lead to the measurement of
the hfs in Li-like bismuth [32–34]. Surprisingly, the experimental and theoretical values
have been found 7σ apart [35] which established the so-called “Hyperfine Puzzle” [36].
The solution to this problem has been found in the strongly underestimated uncertainty
of the tabulated value of the nuclear magnetic moment of 209Bi. Recent calculation of the
magnetic shielding constant relevant for the nuclear magnetic resonance method and the
corresponding independent measurement have provided a new value of the nuclear magnetic
moment and thus restored the agreement between theory and experiment [37]. However, the
present agreement is based on the theoretical calculations of the magnetic shielding constant
and in view of the previous situation can not serve alone as a sufficiently reliable test of the
bound-state QED. To eliminate different possible explanations of the discrepancy, which can
coexist, an independent investigation with another bismuth isotope 208Bi has been proposed
[38].
Another way to reinforce the verification of the underlying theory by the experiment
is to consider different charge states, e.g., boronlike ions, in addition to hydrogenlike and
lithiumlike ones. Previously, the theoretical values of the hfs in boronlike ions have been
reported in the middle-Z region [26] and for two heavy ions, lead and bismuth [27]. The
hyperfine constants for the ground and several excited states in the middle-Z region have
been evaluated within the MCDHF approach in Ref. [39]. The QED corrections for the 2pj
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states have been addressed in Refs. [22, 25]. In the present paper, we perform comprehen-
sive relativistic calculations of the interelectronic-interaction and QED contributions to the
ground-state hfs for selected boronlike ions in the range Z = 49–83. The rigorous QED per-
turbation theory in the first order in 1/Z is combined with the all-order CI-DFS calculations
to account for the correlation effects. The one-loop radiative corrections are evaluated to all
orders in αZ with an effective local screening potential. The Bohr-Weisskopf effect is inves-
tigated within the single-particle nuclear model. As a result, the most accurate up-to-date
hfs values are obtained. Thus we eliminate the present deficiency of the theoretical data for
heavy boronlike ions.
The relativistic units (~ = 1, c = 1) and the Heaviside charge unit [α = e2/(4π), e < 0]
are used throughout the paper.
II. THEORETICAL METHODS
The interaction of atomic electrons with the nuclear magnetic moment is described by
the Fermi-Breit operator,
Hµ =
|e|
4π
µ ·T , (1)
where µ is the nuclear magnetic moment operator. The electronic operator T is given by
T =
∑
i
[ri ×αi]
r3i
F (ri) , (2)
where the summation runs over the atomic electrons, α is the Dirac-matrix vector, and F (r)
is the nuclear magnetization distribution factor discussed below. The ground-state hfs of a
highly charged boronlike ion can be written as
∆E = α(αZ)3gI
me
mp
2I + 1
36
1
(1 +me/M)3
×
[
A(αZ)(1− δ)(1− ε) + 1
Z
B(αZ) +
1
Z2
C(Z, αZ) + xQED
]
. (3)
Here gI = µ/(µNI) is the g factor of the nucleus with magnetic moment µ and spin I, µN is
the nuclear magneton, and me, mp, and M are the electron, proton and nuclear masses, re-
spectively. The one-electron point-nucleus relativistic factor A(αZ) is modified by the finite
nuclear charge distribution (δ) and by the finite nuclear magnetic moment distribution (ε).
The interelectronic-interaction correction is represented by the first-order term B(αZ)/Z
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and by the higher-order term C(Z, αZ)/Z2. The QED corrections are represented by xQED.
These contributions to the hfs are individually considered below.
A. One-electron contributions
When the nuclear parameters and the nonrelativistic value of the hfs is separated out it
can be found that the one-electron contributions can be numerically evaluated in terms of
a matrix element of the zero component T0 of the operator T given by Eq. (2),
A(αZ)(1− δ)(1− ε) = 9
(αZ)3Mj
〈a|T0|a〉 . (4)
The wave function |a〉 of the valence 2p1/2 state with the total angular momentum projection
Mj is obtained as a solution of the Dirac equation with the potential of the extended nucleus.
The relativistic factor A(αZ) for the point-like nucleus is known analytically,
A(αZ) =
24
N3(N + 1)γ(2γ − 1) , (5)
where γ =
√
1− (αZ)2 and N = √2γ + 2. The nuclear charge distribution correction δ can
be found either analytically [7, 21] or numerically by solving the Dirac equation with the
extended nucleus potential. In the present work δ is found numerically using the Fermi model
for the nuclear charge distribution. In order to estimate the uncertainty due to the model
dependence of the nuclear charge distribution we calculate δ also for the homogeneously
charged sphere model. The Bohr-Weisskopf correction ε is treated by introducing some
volume distribution function F (r) instead of the point-nucleus value F (r) = 1. For the
homogeneous sphere model
F (r) =


(r/R0)
3, r ≤ R0 ,
1, r > R0 ,
(6)
where R0 =
√
5/3〈r2〉1/2 is the radius of the sphere related to the root-mean-square charge
radius. Within the more sophisticated single-particle model, the nuclear magnetic moment
is determined by the total angular momentum of the unpaired nucleon (proton or neutron)
[10, 40]. Then the nuclear gI factor is just the Lande´ factor of an extra nucleon, which is
defined by the well-known formula
gI = µ/µNI =
1
2
[
(gL + gS) + (gL − gS)L(L+ 1)− 3/4
I(I + 1)
]
, (7)
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where L is the nuclear orbital momentum, gL and gS are the orbital and spin g factors of
the valence nucleon, respectively. This equation is employed to find gS such as to reproduce
the experimental value of the nuclear magnetic moment µ = µNIgI , while gL is chosen as
gL = 1 for the unpaired proton and gL = 0 for the unpaired neutron. The odd-nucleon
wave function is found as a solution of the Schro¨dinger equation with the Woods-Saxon
potential [41, 42] and with account for the spin-orbit interaction. All the formulas needed
for these calculations can be found, e.g., in Ref. [10]. Following Ref. [10] we assign the
uncertainty of ε found within single-particle model as follows. For the ions where the spin
and orbital parts of the Bohr-Weisskopf correction are of the same sign the uncertainty is
estimated to be about 30% of ε. For the ions where the spin and orbital parts are of opposite
sign the uncertainty is defined as 20% of the Bohr-Weisskopf correction evaluated within
the homogeneous sphere model. The ions of lead and bismuth are treated in a special way:
the 1s results for 207Pb and 209Bi from Ref. [20] are rescaled to obtain the Bohr-Weisskopf
correction for the 2p1/2 state (see also Refs. [14, 27]).
B. Many-electron contributions
The interelectronic interaction can be taken into account within the Breit approximation
by averaging the operator T0 with the many-electron wave function evaluated within one of
the available methods. We use the large scale configuration interaction method in the basis
of the Dirac-Fock-Sturm orbitals (CI-DFS) [43] which has been intensively developed and
successfully employed, in particular, for the hfs calculations in few-electron ions [23, 26, 27,
31]. Since the configuration interaction is implemented in the space of the positive-energy
Dirac states, the contribution of the negative-energy Dirac states needs to be taken into
account separately [44]. The results obtained within the CI-DFS method can be improved
by the rigorous evaluation of the leading orders of the bound-state QED perturbation theory.
In this work, we evaluate the first-order contribution represented by the one-photon-exchange
diagrams. The corresponding formulas were derived in Ref. [8]. The numerical calculations
are performed using the dual-kinetic-balance method [45] with basis functions constructed
from B splines [46]. This yields the first-order term B(αZ)/Z in Eq. (3). The corresponding
term within the Breit approximation is subtracted from the CI-DFS result to obtain the
contribution of the second and higher orders C(Z, αZ)/Z2. The effects beyond the Breit
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approximation are estimated to be of the order (αZ)3C(Z, αZ)/Z2. The finite distributions
of the nuclear charge and magnetic moment are taken into account using the extended
nucleus potential and the nuclear magnetization distribution factor F (r), in the same way
as for the one-electron contributions.
C. QED contributions
The radiative correction xQED of the first order in α is the sum of the self-energy (SE) and
vacuum-polarization (VP) contributions, xQED = xSE + xVP. Rigorous evaluation of these
terms for the p1/2 states was accomplished in Ref. [22] with the Coulomb potential and with
the Kohn-Sham local screening potential for neutral atoms. High numerical precision was
achieved for low-Z hydrogenlike ions in Ref. [47]. In Ref. [26] this correction was calculated
for the 2p1/2 state with the Kohn-Sham potential for boronlike ions in the range Z = 7− 28
and in Ref. [27] for several high-Z ions. We extend these calculations to boronlike ions in
the range Z = 49 − 83. In order to account approximately for the many-electron QED
contributions we introduce an effective screening potential in the Dirac equation. The well-
known core-Hartree (CH) and Kohn-Sham (KS) potentials are used, see, e.g., our previous
studies [26, 27]. For the final value we take the KS results, while the uncertainty is estimated
as 50% of the screening effect (difference between the KS and Coulomb values). This rather
conservative estimation is supposed to cover the significant contribution of the two-electron
diagrams with the SE or VP loop connected to the 1s or 2s electron. This contribution is
supposed to be relatively larger than, e.g., in lithiumlike ions. In contrast to the diagrams
with the SE or VP loop connected to the 2p electron, it is not taken into account by the
screening potentials.
III. RESULTS AND DISCUSSION
The obtained results for the one-electron contributions are presented in Table I. The
nuclear spins I, parities π, and magnetic moments µ/µN are taken from Ref. [48]. For
the magnetic moments of holmium and bismuth we use µ/µN [
165Ho] = 4.177(5) [49] and
µ/µN [
209Bi] = 4.092(2) [37], respectively. It should be noted here that the uncertainties
of the nuclear magnetic moments for other elements might be also larger than indicated
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in Ref. [48] due to the chemical shift [37, 49]. The nuclear radii are taken from Ref. [50].
The finite-nuclear-size correction δ is calculated with the Fermi model for the nuclear charge
distribution. For the Bohr-Weisskopf correction ǫ, we present the results obtained from the
simple homogeneous sphere model (ε[sph]) as well as from the single-particle model where
the wave function is found with the use of the Woods-Saxon potential (ε[WS]). The latter is
taken as the final value except for lead and bismuth where the results of Ref. [20] are scaled
to the 2p1/2 state. The uncertainty is estimated as described in Sec. IIA.
The one-loop QED correction xQED is conveniently expressed in terms of the function
D(αZ) as
xQED =
α
π
D(αZ) . (8)
Table II displays separately the results for the self-energy and vacuum-polarization con-
tributions. These calculations have been performed with the Coulomb and two different
screening potentials, CH and KS. For the final value of xQED the KS results are taken with
the uncertainty assessed as described in Sec. IIC.
In Table III the one-electron part is presented by the value of the first term A′ =
A(αZ)(1 − δ)(1 − ε) in the brackets in Eq. (3) together with its uncertainty which mainly
originates from the Bohr-Weisskopf correction. The interelectronic-interaction contributions
B(αZ)/Z and C(Z, αZ)/Z2 and the QED correction xQED are shown in columns 3–5. The
total hfs value ∆E is calculated according to Eq. (3) with the nuclear magnetic moment
given in Table I. In addition, we present the “reduced hyperfine splitting” ∆E/(µ/µN) in
the last column of Table III. The previously reported values for lead and bismuth ions from
Ref. [27] are also given for comparison. The main novelties of the present results are the
different treatment of the magnetization distribution effect and the different uncertainty es-
timation for the C(Z, αZ)/Z2 term. As one can see from the Table, the uncertainty of final
values almost equally originates from the Bohr-Weisskopf correction and from the higher-
order interelectronic-interaction contribution. This, in particular, strongly motivates the
rigorous evaluation of the two-photon exchange diagrams, which has been performed so far
only for lithiumlike ions [31].
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IV. CONCLUSION
The hyperfine splitting in heavy boronlike ions is evaluated within the fully relativistic
approach. The interelectronic-interaction effects are taken into account to all orders in 1/Z
within the Breit approximation, while the first-order term is evaluated within the rigorous
QED approach. The one-loop QED corrections are calculated to all orders in αZ with the
screening effect taken into account by the effective local potential. The Bohr-Weisskopf effect
is considered within the single-particle nuclear model. As the result, the most accurate up-to-
date values for the ground-state hyperfine splitting in boronlike ions in the range Z = 49−83
are presented.
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TABLE I: Individual one-electron contributions to the ground-state hyperfine splitting in high-Z
boronlike ions.
Isotope Ipi µ/µN 〈r2〉1/2 A δ ε[sph] ε[WS]
113
49 In
9
2
+ 5.5289(2) 4.6010 1.31236 0.00138(2) 0.00045 0.00041(9)
121
51 Sb
5
2
+ 3.3634(3) 4.6802 1.34536 0.00169(2) 0.00054 0.00049(11)
123
51 Sb
7
2
+ 2.5498(2) 4.6879 1.34536 0.00169(2) 0.00054 0.00013(11)
127
53 I
5
2
+ 2.81327(8) 4.7500 1.38113 0.00206(2) 0.00064 0.00054(13)
133
55 Cs
7
2
+ 2.58202 4.8041 1.41994 0.00250(2) 0.00076 0.00019(15)
139
57 La
7
2
+ 2.78305 4.8550 1.46209 0.00302(3) 0.00089 0.00031(18)
141
59 Pr
5
2
+ 4.2754(5) 4.8919 1.50793 0.00364(3) 0.00105 0.00097(21)
151
63 Eu
5
2
+ 3.4717(6) 5.0522 1.61233 0.00533(5) 0.00145 0.00122(29)
159
65 Tb
3
2
+ 2.014(4) 5.0600 1.67188 0.00637(5) 0.00168 0.00114(34)
165
67 Ho
7
2
− 4.177(5) 5.2022 1.73714 0.00777(6) 0.00198 0.00156(40)
175
71 Lu
7
2
+ 2.2327(11) 5.3700 1.88780 0.01130(7) 0.00270 0.00014(54)
181
73 Ta
7
2
+ 2.3705(7) 5.3507 1.97507 0.01343(9) 0.00310 0.00042(62)
185
75 Re
5
2
+ 3.1871(3) 5.3596 2.07186 0.01604(10) 0.00356 0.00277(71)
187
75 Re
5
2
+ 3.2197(3) 5.3698 2.07186 0.01606(10) 0.00356 0.00278(71)
203
81 Tl
1
2
+ 1.62226 5.4666 2.43538 0.02762(15) 0.00542 0.00487(108)
205
81 Tl
1
2
+ 1.63821 5.4759 2.43538 0.02765(15) 0.00542 0.00486(108)
207
82 Pb
1
2
− 0.592583(9) 5.4943 2.50943 0.03028(16) 0.00581 0.01014(+471
−101)
209
83 Bi
9
2
− 4.092(2) 5.5211 2.58822 0.03320(17) 0.00623 0.00280(+21
−112)
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TABLE II: One-loop QED correction to the ground-state hyperfine splitting of high-Z boron-
like ions in terms of the coefficient D, see Eq. (8). The results for the self-energy and vacuum-
polarization contributions are given separately for the Coulomb potential and two effective screen-
ing potentials, core-Hartree (CH) and Kohn-Sham (KS).
Z DSE DVP
Coulomb CH KS Coulomb CH KS
49 −0.1843 −0.1290 −0.1328 0.1639 0.1343 0.1363
51 −0.2338 −0.1704 −0.1748 0.1912 0.1578 0.1601
53 −0.2893 −0.2174 −0.2224 0.2228 0.1851 0.1877
55 −0.3519 −0.2708 −0.2766 0.2594 0.2169 0.2198
57 −0.4226 −0.3317 −0.3383 0.3019 0.2538 0.2572
59 −0.5027 −0.4011 −0.4087 0.3512 0.2967 0.3007
63 −0.6967 −0.5702 −0.5802 0.4742 0.4043 0.4097
65 −0.8150 −0.6736 −0.6851 0.5522 0.4726 0.4789
67 −0.9492 −0.7914 −0.8047 0.6410 0.5507 0.5580
71 −1.2817 −1.0837 −1.1013 0.8678 0.7504 0.7604
73 −1.4884 −1.2655 −1.2859 1.0141 0.8795 0.8912
75 −1.7280 −1.4766 −1.5001 1.1868 1.0322 1.0459
81 −2.7055 −2.3348 −2.3719 1.9081 1.6713 1.6938
82 −2.9177 −2.5142 −2.5547 2.0681 1.8132 1.8378
83 −3.1488 −2.7310 −2.7741 2.2426 1.9682 1.9950
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TABLE III: Individual contributions and the total values of the ground-state hyperfine splitting
of high-Z boronlike ions. The one-electron factor A′ = A(αZ)(1 − δ)(1 − ε) is obtained from
the values of A(αZ), δ, and ε[WS] given in Table I. The interelectronic-interaction contributions
B(αZ)/Z and C(Z,αZ)/Z2 are evaluated according to Sec. II B. The QED correction xQED is
found from the KS values of the self-energy and vacuum-polarization contributions (see Sec. II C
and Table II). The total hfs values ∆E and the reduced values ∆E/(µ/µN ) are presented in meV.
For comparison, the previously reported results are given for 20782 Pb and
209
83 Bi [27].
Isotope A′ B(αZ)/Z C(Z,αZ)/Z2 xQED ∆E ∆E/(µ/µN )
113
49 In 1.31001(12) −0.17206 0.00617(28) 0.00001(3) 36.254(10) 6.5571(17)
121
51 Sb 1.34243(15) −0.17115 0.00605(31) −0.00003(3) 27.634(8) 8.2162(24)
123
51 Sb 1.34291(15) −0.17122 0.00606(31) −0.00003(3) 19.959(6) 7.8278(23)
127
53 I 1.37754(18) −0.17082 0.00597(35) −0.00008(4) 26.720(9) 9.4978(31)
133
55 Cs 1.41612(21) −0.17112 0.00592(38) −0.00013(4) 26.923(9) 10.427(4)
139
57 La 1.45722(26) −0.17190 0.00589(42) −0.00019(5) 33.340(13) 11.980(5)
141
59 Pr 1.50098(32) −0.17313 0.00589(47) −0.00025(5) 61.602(26) 14.409(6)
151
63 Eu 1.60178(47) −0.17752 0.00598(58) −0.00040(6) 65.302(34) 18.810(10)
159
65 Tb 1.65934(56) −0.18068 0.00607(65) −0.00048(7) 47.989(28) 23.828(14)
165
67 Ho 1.72095(69) −0.18437 0.00619(72) −0.00057(7) 97.077(63) 23.241(15)
175
71 Lu 1.86621(101) −0.19438 0.00654(91) −0.00079(8) 67.170(54) 30.085(24)
181
73 Ta 1.94773(121) −0.20043 0.00675(102) −0.00092(9) 81.005(73) 34.172(31)
185
75 Re 2.03298(145) −0.20689 0.00699(115) −0.00106(10) 129.59(13) 40.662(41)
187
75 Re 2.03292(145) −0.20688 0.00699(115) −0.00106(10) 130.92(13) 40.661(41)
203
81 Tl 2.35658(256) −0.23376 0.00801(165) −0.00158(14) 160.96(23) 99.22(14)
205
81 Tl 2.35653(256) −0.23375 0.00801(165) −0.00158(14) 162.54(23) 99.22(14)
207
82 Pb 2.40877(
+1146
−246 ) −0.23799 0.00815(175) −0.00167(15) 62.38(+33−9 ) 105.26(+56−15)
62.23(8)a 105.01(14)a
209
83 Bi 2.49528(
+53
−280) −0.24614 0.00850(189) −0.00181(15) 257.12(+22−39) 62.83(+5−9)
256.92(35)b 62.79(9)a
a Ref. [27].
b Ref. [27] corrected to the new value of the nuclear magnetic moment.
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